We will confront some static spherically symmetric vacuum Brans-Dicke solutions in the Jordan and Einstein Frames with the Robertson parameters. While the regular solution in the vacuum Einstein theory is just the Schwarzschild black hole, the same in the Jordan frame Brans-Dicke theory is shown to represent not a black hole but a traversable wormhole. But, in this case, the valid range of becomes too narrow to yield the observed weak field Robertson parameters at the positive mass mouth. The corresponding solution in the Einstein frame also provides a regular wormhole, and it yields the correct parametric values but only up to "one and half order. " We argue that a second-order contribution can in principle distinguish between the signatures of the regular wormhole and the singular Buchdahl solution in the Einstein frame. Thus, at the level of regular solutions, Brans-Dicke theory in each frame predicts effects very different from those of Einstein's theory. To our knowledge, these theoretical distinctions seem not to have received adequate attention so far.
Introduction
It is known from history that Einstein was much influenced by Mach's principle 1 and that he tried to incorporate the principle in his theory of general relativity. The principle has many variants, but within the field theory framework, the simplest one is that a static distribution of matter should cause only a static geometry. However, Gödel [1] in 1949 showed that this is not the case: Einstein's general relativity equations produce a rotating universe even though the matter distribution is static! The incorporation of Mach's principle in a field theory framework was accomplished by Brans and Dicke in 1961 [2] . There has been a lot of important works in wormholes and cold black hole spacetimes initiated by Bronnikov et al. [3] [4] [5] earlier, Brans et al. listed four classes of static spherically symmetric solutions in their theory [6] . On the other hand, enormous work in the literature exists exploring various features of the Brans-Dicke (BD) theory. However, most of the works dealing with spherically symmetric solutions in the BD theory concentrate only on the singular Brans Class I solution, and nothing is asked if regular solutions exist at all in the theory. However, the singularity in Brans Class I solution for unrestricted should be mandatorily admitted if one wants the solution to test against the weak field solar system tests.
The BD field equations as well as the Class I solution yield post-Newtonian (pN) expansion that coincides at | | → ∞ with the same expansion of Einstein's field equations and so the latter has gained popularity as the local solution. The fact that it has a naked singularity is noted, but the solution is not abandoned as unphysical. Moreover, the current limit on the coupling constant | | ≥ 50000 creates the impression that BD theory no longer stands as a distinct alternative to Einstein's theory. However, in this context, we mention that the belief that Einstein's theory is recovered from BD theory at | | → ∞ is not always true, but we will not discuss it here (see, for details, [7] ).
If we want the naked singularity in Class I solution to disappear, additional inequalities connecting the integration constants and must be introduced reducing the solution to what were termed as cold black hole spacetimes. Cold because the Hawking temperature is zero. This leads to several difficulties on physical grounds. First, the inequality severely restricts the range of to an absurdly limited range so that the weak field tests are out of question. Second, although coordinate patch can be extended beyond the cbh horizon, it leads to disruption of freely falling particles caused by large tidal forces just above the horizon. The cbh then becomes naked black hole a la Horowitz and Ross. For Campanellu Lousto BH condition, namely, + 1 ≥ 2 , all curvature invariants vanish at = . With = −1/( + 2), this implies a very restrictive range −(2 + 1/ √ 3) < < −2, while = being an outgoing null surface requires + 2 > ⇒ < −2. Excess tidal forces become finite if = /2 > 1, but Hawking temperature finite at = requires /2 < 1. = (1/ )(( + 2)/2). For the range −(2 + 1/ √ 3) < < −2, we see that = /2 < 1; hence, tidal forces tear apart a test body. But solar tests are out of question.
For regular Class II solution, which is a wormhole, weak field tests are not possible because −2 < < −3/2, but tidal forces are finite at the throat.
The question is if all observed tests boil down to only tallying with the pN or for that matter model independent Robertson parameters, what is the need for dealing with exact solutions at all in both the theories? The answer is that the exact solutions offer richer, and testable, geometric structures of black holes, naked singularities, wormholes, and so forth. It is along this thought that we want to investigate one BD regular solution and its conformal version and ask what kind of geometry it represents, and where exactly it differs from naked singularities or black holes. Previously, it was reported in the literature (see, for details, [8, 9] ) that the desired regular solution of the vacuum BD theory in the Jordan Frame (JF) as well as in the conformally rescaled Einstein Frame (EF) represents traversable wormhole geometries. 2 Our purpose here is to confront the singular and regular solutions with the generic Robertson parameters. We argue how a second-order contribution to deflection can in principle differentiate between a wormhole and a singular solution in the EF. The practical problems about measuring the second-order contribution in model independent situation are also addressed briefly. The general conclusion is that those regular natural wormhole spacetimes would never reduce at any limit to Schwarzschild black hole of the vacuum Einstein theory. (We take = 1, = 1.)
Brans Class I Singular Solution in JF
We begin by starting with the Robertson expansion for a centrally symmetric configuration in isotropic coordinates given by [10, 11] 
where 1 , 1 , 1 , 1 , and 1 are constant parameters to be found by fitting with observations. As well known, Brans Class I solution [6] in the JF is given in isotropic coordinates ( , , , ) by
When this solution is put in the BD field equations, it yields the constraint equation as
where , 0 , 0 , , , and 0 are real constants. The constants 0 and 0 are determined by asymptotic flatness at = +∞ as 0 = 0 = 0.
Under the usual Newtonian limit giving = 2 / and ( ) = −(1/( + 2)), the above solution expands such that 1 = 1, 1 = 1, and 1 = ( + 1)/( + 2). For finite , the solution has a naked singularity at = . Further, the constraint (3) yields
The negative is ruled out as it makes ( ) singular at = and the mass negative. The solutions (2) and (3) with the positive value of , even though singular, immediately yield the above weak field Robertson expansion (1) that depends on arbitrary values of . Indeed even the limit → ±∞ is possible, making the solution eventually indistinguishable from the Einstein values 1 = 1, 1 = 1, and 1 = 1, and of course from (4) the ultimate Schwarzschild limit = 1, = 0 is achieved. We know that the Schwarzschild solution is a regular black hole solution in Einstein's theory. A natural question is to ask whether or not we can find a regular solution in the JF Brans-Dicke theory. The answer is we can, and it is exactly this regular solution that makes the passage to Schwarzschild limit impossible.
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Regular Wormhole in JF
The regular solution can be obtained from the Class I solution by the following Wick-like rotations on it:
where and Λ are real. Using the identity
we arrive at the metric functions and the scalar field as follows:
where
Asymptotic flatness at = ∞ requires that
The above solution set is regular everywhere including at = and is an exact nonsingular traversable wormhole solution (see, for details, [9] ). Incidentally, Brans [6] mentioned the above solution as Class II among his list of four classes but is not recognized as such. 3 However, though not independent, we see that Class I and II solutions are fundamentally different as the former is singular, while the latter is a regular wormhole. Does there anyway exist a transition from this regular Brans-Dicke to Schwarzschild solution under → ±∞? No, as we show below.
It can be verified that the weak field expansions of 2 ( ) , using relevant identities, yield, respectively, the Schwarzschild masses
of two asymptotically flat spacetimes on two different coordinate charts lying on either side of the minimal circumference 
so that
Now Λ has to be real in order for the mass + to be real, and it is exactly from here that a narrow range for appears, namely, −2 < < −3/2. Consequently, it does not yield the desired value of positive 1 ∼ 1, hence inconsistent with solar system tests. Even the possibility → ±∞ is ruled out in this case since Λ and + become imaginary. Alternatively, we may allow and Λ to be imaginary to keep + real, but then we have to sacrifice regularity because we would get back the same singular Class I solution as soon as these imaginary quantities are put into (5) and (11) . Hence, in the JF, the regular Brans-Dicke solution does not explain solar system tests nor does it go over to Schwarzschild black hole (no horizon). It is just a regular wormhole born as such and existing ever since. This is the price of having a regular BD solution! We now concentrate on the picture in the EF.
Buchdahl Singular Solution in EF
The picture in the EF is completely different due to the fact that does not appear in this frame. Under the substitutioñ
the vacuum BD action goes into the action in the EF in the variables (̃], ) as follows:
where we have introduced a constant arbitrary parameter (= ±1) that can have any sign. The field equations from action (17) , which are just Einstein's equations with source, are given bỹ]
We see that if the kinetic term ]
, ,] in the action has an overall positive sign ( = +1), the stresses satisfy all energy conditions. The counterpart of the singular Brans Class I solution (2) and (3) in the conformally rescaled EF thus is (1 + 2 )
where , , and are arbitrary positive constants. This is known as Buchdahl solution [12] . The metric shares all the characters of the Class I solution. Though singular at = /2, the Buchdahl solution also yields the weak field solar system Robertson parameter values up to "one and half order" (see below) with the definition of = . At = 1, Schwarzschild black hole is recovered. The result of Section 2 and the present one indicate that the local tests and the possibility of ultimate Schwarzschild limit go hand in hand with allowing a singularity in respective spacetimes.
If however the kinetic term ]
, ,] has an overall negative sign ( = −1), one has massless ghost matter source for which all the energy conditions including the dominant energy condition are violated giving rise to the possibility of wormholes. This is discovered by Ellis [13] and at the same time independently by Bronnikov [3] . For details about the relation between ghost and wormholes, see [4, 5] . However, such wormholes are unstable with respect to linear perturbations [14, 15] .
Regular Wormhole in EF

Choosing
= −1 and using (16) , the metric in the EF becomes
Asymptotic flatness requires that = − and = . The constraint equation 2 2 = 1 + 2 among free constants comes from the EF field equations when the solution is put into them. Note that unlike in Section 3, here is unconstrained. The above solution is just a variant of the regular EllisBronnikov wormhole. 4 Using the identity tan −1 ( / ) = /2 − tan −1 ( / ) for > 0, which corresponds to the positive mass mouth (= 2 ), the metric functions (22) and (23) 
giving values 1 = 1 = 1, 1 = 1, indicating that the solution yields exactly the same parametric values as in the vacuum Einstein theory but only up to the "one and half order. " By that term, we mean first order in in ( ) and second order in in ( ). The reason is that the parameter values 1 = 1 = 1 are enough to explain the weak field light deflection, but the perihelion advance of planets in the solar system, though still a weak field test, requires information up to 2 order in ( ); that is, 1 = 1. In that sense, this particular test might be termed as a "one and half order" test. One might wonder why the previous JF solutions (7)- (11) involving narrow do not support solar system tests at any order, while the present EF solutions (21)- (24) at least support them up to 1.5 order. In our opinion, this fact clearly underscores the fundamental distinction between Machian BD and Einstein theory at the level of regular solutions. No such distinction exists between singular solutions in either frame-both BD Class I and Buchdahl solutions support those tests to any order for arbitrarily large in the former and at → 1 in the latter. These successes of the singular solutions led many to believe that it is only a matter of large , the larger the value the closer it is to Einstein's theory; the impossibility of having large in the regular solution (Section 3) has gone unnoticed.
At the true second order, comparing the 2 term in ( ) with the Robertson expansion (1), we see that
In contrast, it can be verified that the Robertson expansion of singular Buchdahl ( = ) solution (19) yields 1 = 1 = 1, 1 = 1, but at the second order gives
which means that one recovers the other Schwarzschild value
Second Order Deflection
We will start our discussion from the model independent Robertson expansion (1) with and , generic of any spherically symmetric configuration. Now, for particles orbiting with velocity on the equatorial plane ( = /2), the deflection angle measured by an asymptotic observer is given by [10] 
where 0 is the distance of closest approach, and
Using the expressions for ( ) and ( ) from (1), the deflection for unbound particles up to the second-pN order, when 2 ≪ 2 , becomes [16] ( 0 ) = (
For bound orbits, one would need to take into account also the effect of 1 , but we are focusing here only on the unbound orbits. For photon, = 1, and one obtains the known Schwarzschild expression at the values 1 = 1 = 1 = 1. However, there is great ambiguity in the literature about how the deflection variables are to be identified. For example, consider a light ray just grazing the limb of the sun. If the isotropic 0 is identified with the independently measured Euclidean solar radius, the second-order contribution gives ∼3.5 sec. If similar calculations are done in the standard Schwarzschild radial variable, say , and identifying the distance of closest approach 0 with the Euclidean solar radius, the second-order deflection will become ∼7 sec. And finally, if the impact parameter is identified with the Euclidean solar radius, the contribution becomes ∼11 sec [16] . The reason for such ambiguity lies in the fact that Euclidean solar radius works well only up to first order, but not up to the second order as the error involved is also of the same order. To resolve the ambiguity, one has to regard trajectory giving the same deflection angle; there is no extra control parameter (since = 1) to regulate that angle. Thus massless unbound trajectories are of no use to measure the second-order deflection.
On the other hand, the deflection of a massive unbound particle trajectory can always be controlled by choosing different velocities < 1, and from curve fitting all the parameters 0 , 1 , 1 , and 1 can be unambiguously determined. The resulting parameter values can then be compared with the theoretical predictions of deflection from any spherically symmetric configuration, including those of Einstein or Brans-Dicke theory. It is exactly here that the upper limit on 1 obtained from fitting can distinguish between the values in (26) and (27). Choose = 1 in the solution. If it turns out from the fit that 1 ≃ 1, then we are possibly looking at a Schwarzschild black hole, and if 1 ≃ 5/3, then we are looking at the Ellis-Bronnikov wormhole. A very speculative natural scenario for the observation of material orbit deflection could be provided by the trajectory of unstable H1 orbits with nonzero angular momentum moving in and out to asymptotes enclosing the galactic center. Of course, it is technically a very challenging task. 
Conclusion
The contents of Section 2 show that, in singular BD I, can assume any value leading to the Schwarzschild limit at → ±∞. On the other hand, we have just seen in Section 3 that the regular solution (7)-(11) allows only to narrow a range −2 < < −3/2, which prevents any passage to solar system values as is evident from the Robertson parameters. It is also evident that the solution has no horizon, so it cannot tend to a black hole. However, the spacetime can still represent a very different object, a traversable wormhole. (For a classic treatise on wormholes, see [17] .) This wormhole structure occurs naturally, in both JF and EF, as opposed to many artificially engineered wormholes presented in the literature.
(By natural, we mean a well-defined Lagrangian theory.) In the EF (Section 5), which is just Einstein's general relativity, the wormhole spacetime yields even the known weak field solar system parameters up to 1.5 order, but significant differences appear in the Robertson parameter 1 . While in the singular Buchdahl solution (Section 4), one can reduce 1 to the Schwarzschild value of unity; there is no chance to do so in the case of wormhole solution. This could in principle mean a decisive test about the observable signature of the nonsingular Ellis-Bronnikov wormhole vis-a-vis the singular Buchdahl solution (Section 6). We are aware that instability of wormhole solutions in the massless minimally coupled theory [14, 15] spoils any chance of their very physical existence, let alone the prospect of such measurements. However, our aim was to point out the theoretical distinctions between different kinds of geometric structures as exposed by the Robertson expansion. Note also that we had not entered the issue as to which frame JF or EF is physical. For informative discussions on this issue, see, for example, [18] [19] [20] [21] [22] .
Advances in High Energy Physics
Finally, we return to the topic in the title. The answer seems to be largely a matter of choice. Depending on the attitude, we might accept the singular Class I solution as the solution prizing its weak field successes. Or we may accept the nonsingular Class II solution as the solution, which would then amount to simply denying vacuum Brans-Dicke theory of its observational successes because of narrow range of . But it would nonetheless offer us a natural traversable wormhole. The third option is to accept both the solutions (BD I and II) as describing two different scenarios, but Schwarschild black holes are certainly ruled out in either frame since the curvatures diverge in BD I and no horizon in BD II. Since neither black holes nor wormholes have been conclusively observed, we think that the best option is to keep the choice open. Dismissing the vacuum BD theory as effectively nondistinct from Einstein theory because of large would blind us to the distinct geometric structures discussed here.
Endnotes
1. Ernst Mach, a nineteenth century philosopher, argued that local inertial properties of matter are determined by the matter distribution in the whole universe. This is known as Mach's principle.
2. In the EF, vacuum BD equations reduce to minimally coupled scalar field Einstein theory. Since introducing scalar fields into many theories is the order of the day, it will be useful to see how the regular solutions behave in the simplest scalar field gravity theory.
3. The reverse route (Class II → Class I) was first shown by Bhadra and Sarkar [23] with the conclusion that the two solutions are not independent. However, the detailed wormhole features of their seed Class II were not investigated.
4. To put the solution into a more familiar form, transform the radial variable as
With = /2, and using the identity
we see that the solution set (21) 
5. We are thankful to Bhadra et al. for pointing out that the deflection of ionized hydrogen by the intergalactic magnetic field would mask the small second-order contribution. However, the realization that the deflection data, not of light but of only unbound material orbits, can allow us to test the second-order contribution is very fundamental and was first advanced in [16] . All planned experiments to measure that contribution should take into account this proposal.
